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Introduction
Some time ago Fernández et al [1] proposed a modification of the Riccati-Padé method (RPM) [2, 3] for the calculation of the eigenvalues of the Schrödinger equation with the potential V (r) = gr α , where α > −2 is a rational exponent and gα > 0. As an illustrative example they applied the standard RPM to the case α = −1/2 and obtained the ground-state energy quite accurately [1] .
In a recent paper Li and Dai [4] showed that the Schrödinger equation with the potential V (r) = −αr −1/2 , α > 0, can be solved exactly in terms of Heun biconfluent functions. They obtained the eigenvalues E ν,l for ν, l = 0, 1, . . . , 5, where ν and l are the well known radial and angular-momentum quantum num-bers, respectively. In particular, their estimate E 00 = −0.4380 agrees with the more accurate RPM result E 00 = −0.438041241942506 [1] .
The purpose of this paper is to show that the standard RPM [2, 3] (see also [5] for more details and references) is a suitable tool for the accurate calculation of the eigenvalues of the potential V (r) = V 0 r α , where α ≥ −1 is a rational number and V 0 α > 0. In section 2 we outline the approach, in section 3 we apply it to selected examples and discuss the accuracy of the results and in section 4 we draw conclusions.
The Riccati-Padé method
The Schrödiger equation for the present central-field model is
On choosing the units of length r 0 = h 2 / (2m |V 0 |) 1/(α+2) and energy e 0 = h
the resulting dimensionless Hamiltonian be-
The solutions are of the form ψ(r, θ, φ) = R(r)Y 
where u(r) = rR(r) and ǫ = E/e 0 is the dimensionless energy.
The modified logarithmic derivative
satisfies the Riccati equation
In order to apply the RPM we define the new independent and dependent variables z = r β and g(z) = f (r(z)), respectively; the latter satisfies the Riccati equation
If α = p/q, where p and q are integers, we choose β = 1/q so that the Riccati
If q > 0 and p + q ≥ 0 (which lead to α ≥ −1) then we can expand the solution of (7) in a Taylor series about z = 0
where the coefficients g j are polynomial functions of ǫ. They can be obtained from the recurrence relation
where w(x) is the Heaviside function (w(x) = 0 if x < 0 and w(x) = 1 otherwise).
If we look for a rational approximation to the solution of (7) of the form
then the approximate eigenvalue ǫ should be a root of the Hankel determinant verge towards the actual eigenvalues of the problem [2, 3] (in particular, see [5] and references therein). Typically, the rate of convergence exhibits exponential
When both q and p + q are odd, then g(z) is odd and g 2k = 0, k = 0, 1, . . ..
Although equation (9) and the prodecure just outlined are still valid under these conditions it only makes sense to construct the sequences of roots with either D even or D odd or, which is more convenient from a practical point of view, to construct the Hankel determinants directly from the nonzero expansion coefficients g 2j+1 instead of g j . Note that the actual expansion variable in this case is z 2 instead of z.
Examples
In this section we apply the RPM to several examples. We calculate the expansion coefficients g j and the Hankel determinants H Exactly the same situation takes place for all l > 0. Table 1 shows some eigenvalues estimated from the sequences of roots of the Hankel determinants. The error is supposed to be in the last digit. The first four digits of present RPM eigenvalues agree with those obtained from the analytical expressions for the bound-state eigenfunctions [4] . Table 2 shows results for α = −1/3 obtained from Hankel determinants of dimension D ≤ 45. We appreciate that the rate of convergence is slightly smaller than for the preceding example. Table 3 the Hankel determinants were constructed from the coefficients g 2j+1 . In all these cases the results are also quite accurate due to the exponential rate of convergence.
Conclusions
The Schrödinger equation with the potential V (r) = −r −1/2 has been shown to be solvable in terms of known functions [4] . However, the resulting quantization condition does not seem quite amenable for the accurate calculation of the eigenvalues. This fact motivated us to apply the RPM to this problem as well to other ones with potential-energy functions of the same general form. In this way we considerably extended the calculations carried out in a previous application of the RPM to this kind of quantum-mechanical models [1] . Present accurate results may be a useful benchmark for testing other numerical approaches. Table 1 : Some eigenvalues for the potential V (r) = −r (1, 2) 2.448777374655 Table 6 : Some eigenvalues for the potential V (r) = r 2/3 (l, ν) ǫ l ν Table 7 : Some eigenvalues for the potential V (r) = r (1, 4) 14.336606204183540
